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SPREADING SPEEDS OF KPP-TYPE NONLOCAL DISPERSAL IN
HETEROGENEOUS MEDIA
XING LIANG AND TAO ZHOU
Abstract.
Nonlocal dispersal, generalized principal eigenvalue, spreading speed, heterogeneous
media
1. Introduction
In this paper, we focus on the large time behavior of the solution of the following
problem:
(1)


ut(t, x) =
∫
R
K(x, y)u(t, y)dy − b(x)u(t, x) + f(x, u) t > 0, x ∈ R,
0 ≤ u(0, x) = u0(x) ≤ 1, u0 6= 0 with compact support,
where function K(x, y) represents the dispersal kernel, and b(x) =
∫
R
K(x, y)dy. We
assume that f satisfies some KPP-type conditions. This will be told in detail later. A
simple example is f(x, s) = s(1 − s). Another type of dispersal is so-called random
dispersal in the following form:
(2)
{
∂tu = d(x)∂xxu+ q(x)∂xu+ f(x, u) t > 0, x ∈ R,
0 ≤ u(0, x) ≤ 1, {x : u(0, x) 6= 0} 6= ∅ is bounded.
The pioneer works on the dynamics of the type of equations like (2) were done by Fisher
[19] and Kolmogorov, Petrovsky, Piskunov [26] in the homogeneous case:
∂tu = ∂xxu+ f(u),
where f ∈ C1[0, 1], f(0) = f(1) = 0. In fact, in [19, 26], they proved the existence of the
minimal wave speed in the case where f(s) > 0 and f ′(s) ≤ f ′(0)s for any s ∈ (0, 1).
Moreover, in the homogeneous case, Aronson and Weinberger [1] proved that if f ′(0) > 0
and f(s) > 0 for any s ∈ (0, 1), then there exists ω∗ > 0 such that

for all ω > ω∗, lim
t→∞
sup
x≥ωt
|u(t, x)| = 0,
for all ω ∈ (0, ω∗), lim
t→∞
sup
0≤x≤ωt
|u(t, x)− 1| = 0.
A similar result still holds if x ≤ 0. An easy corollary is lim
t→∞
u(t, x + ωt) = 0 if ω > ω∗
and lim
t→∞
u(t, x + ωt) = 1 locally uniform in x ∈ R if 0 ≤ ω < ω∗. This result is called
spreading property and ω∗ is called speading speed.
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In the past decades, the spreading properties in heterogeneous media got increasing
attentions of mathematicians. The propagation problems in (spatially) periodic media,
one simplest heterogenous case, were considered by mathematicians widely. Applying
the approach of probability, [20] first proved the existence of spreading speeds for one-
dimensional KPP-type reaction-diffusion equations in periodic media. [41, 44] gave the
definition of the spatially periodic traveling waves independently, and then [24] proved the
existence of the spatially periodic traveling waves of KPP-type equations in the distribu-
tional sense. In a series of works (e.g. [3–5]), Berestycki, Hamel and their colleagues inves-
tigated the traveling waves and spreading speeds of KPP-type reaction-diffusion equations
in high-dimensional periodic media.
Besides above works, more general frameworks are provided by [28,43] to study spread-
ing properties for more general diffusion systems in periodic media.
However, there are only a few works on the spreading properties of KPP-type equations
in more complicated media. Berestycki, Hamel and Nadirashvili [6] investigated spread-
ing properties in higher dimension for the homogeneous equation in general unbounded
domains. Particularly, in [6], the concepts of lower and upper spreading speeds were in-
troduced. Then Berestycki and Nadin [9] also introduced these two speeds again for (2)
to study the spreading property. Precisely, for one-dimensional equation (2), the upper
and lower spreading speeds are defined by
ω∗ := inf{ω ≥ 0, lim
t→∞
sup
x≥ωt
|u(t, x)| = 0},
ω∗ := sup{ω ≥ 0, lim
t→∞
sup
0≤x≤ωt
|u(t, x)− 1| = 0}.
They gave a sharp estimate on ω∗, ω∗ by constructing ω, ω where ω, ω are represented by
two generalized principal eigenvalues (see Definition 2.1) of the linearized equation such
that
ω ≤ ω∗ ≤ ω∗ ≤ ω.
Furthermore, they showed that if the coefficients are (asymptotically) almost periodic or
random stationary ergodic, then ω = ω, and hence ω∗ = ω∗ is exactly the spreading speed.
Most recently, they also investigated multidimensional and space-time heterogeneous case
in [10]. In fact, Shen (see e.g. [37–39]) also introduced the concepts of lower and upper
spreading speeds to study the spreading speeds of KPP-type equations in space-time
heterogeneous media. In [29], the authors obtained similar conclusions for spatial discrete
equation. Moreover, they proved that the spreading speeds in the positive and negative
directions are identical even if f(x, u) is not invariant with respect to the reflection.
In this paper, we investigate the spreading properties for (1) in general heterogeneous
media. Motivated by [9], we establish the theory of generalized principal eigenvalues of
linear nonlocal operator to estimate the lower and upper spreading speeds ω∗, ω∗. Aiming
to estimate the spreading speeds through the principal eigenvalues, we also develop some
homogenization techniques for nonlocal dispersal equations. Then we prove that ω∗ = ω∗
in the case where the media is almost periodic. Finally, in the case where f ′s(·, 0) is
almost periodic and K(x, y) = K(y, x), we show that the spreading speeds in the positive
and negative directions are identical even if f ′s(x, 0) is not invariant with respect to the
reflection.
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2. Preliminary: Definitions, notions, results
In this paper, we always assume that u0 ∈ C(R) with compact support and u0(0) > 0,
and that the reaction term f satisfies f(x, 0) ≡ f(x, 1) ≡ 0, 0 < inf
x∈R
f(x, s) ≤ f(x, s) ≤
f ′s(x, 0)s for any s ∈ (0, 1), f ′s(·, 0) ∈ C(R) and f(x, ·) ∈ C1+γ([0, 1]) uniformly with
respect to x ∈ R, that is, sup
x∈R
‖f(x, ·)‖C1+γ < +∞. Let Kφ(x) :=
∫
R
K(x, y)φ(y)dy with
K(x, y) ≥ 0 ∀(x, y) ∈ R2. We list the following assumptions for the kernel K:
(K1) K : C(R)→ C(R), and ∫
R
K(·, · − ξ)e−pξdξ ∈ L∞(R) ∩ C(R) for any p ∈ R.
(K2) For any fixed p ∈ R, K(x, x − ·)e−p· is uniformly integrable w.r.t. x, i.e., ∀σ >
0, ∃R > 0 s.t.
sup
x∈R
∫
BcR(0)
K(x, x− ξ)e−pξdξ < σ.
(K3) There exist δ0 > 0, η0 > 0 and positive constant C depending on δ0, η0 s.t.
K[φχη+δ0 ](x) > C min|y|≤η
φ(y) ∀η ≥ η0, |x| ≤ η + δ0 and φ ∈ C(R) with φ ≥ 0, where
χr(x) =
{
1, |x| ≤ r,
0, |x| > r.
(K4) k(p) := lim inf
R→∞
inf
x∈BcR
{∫
R
K(x, x− ξ)e−pξdξ − b(x) + f ′s(x, 0)} > 0 ∀p ∈ R, and
lim
p→+∞
k(±p)
p
= lim
p→0+
k(±p)
p
= +∞,
where b(x) =
∫
R
K(x, y)dy.
(K5) eKtu0(x) =
∞∑
n=0
tnKnu0
n!
(x) > 0 ∀x ∈ R, t > 0.
For any z ∈ R. Consider space
Xz = {φ ∈ C(R)| sup
x∈R
e−|x−z||φ(x)| < +∞}
equipped with the norm ‖φ‖z = sup
x∈R
e−|x−z||φ(x)|. It is easy to verify that ∫
R
K(·, y)φ(y)dy ∈
Xz if φ ∈ Xz by (K1). By general nonlinear semigroup theory (see [22] or [36]), (1) has a
unique (local) solution u(t, x) with initial value u(0, x) ∈ Xz. Define the linear bounded
operator L : Xz → Xz by Lφ(x) = Kφ(x) − a(x)φ(x), where a(·) = b(·) + f ′s(·, 0) ∈
L∞(R) ∩ C(R). Moreover, let Lpφ(x) = e−pxL(ep·φ)(x) = e−px
∫
R
K(x, y)epyφ(y)dy −
a(x)φ(x).
Definition 2.1. The generalized principal eigenvalues associated with operator Lp on
IR := (R,+∞), where R ∈ {−∞} ∪R, are:
λ1(p, R) := sup{λ| ∃ φ ∈ A, s.t. Lpφ(x) ≥ λφ(x) ∀ x ∈ IR},
λ1(p, R) := inf{λ| ∃ φ ∈ A, s.t. Lpφ(x) ≤ λφ(x) ∀ x ∈ IR},
where A is a set of admissible test functions:
A := {φ ∈ C(R)|0 < inf
x∈R
φ(x) ≤ sup
x∈R
φ(x) < +∞, φ is uniformly continuous}.
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We use the convention that λ1(p, R) = −∞ if {λ| ∃ φ ∈ A, s.t. Lpφ(x) ≥ λφ(x) ∀ x ∈
IR} is empty and λ1(p, R) = +∞ if {λ| ∃ φ ∈ A, s.t. Lpφ(x) ≤ λφ(x) ∀ x ∈ IR} is empty.
An important relation between λ1(p, R) and λ1(p, R) is that
Proposition 2.1. Assume that
∫
R
K(x, x− ξ)e−pξdξ < +∞. For all R ∈ {−∞}∪R, we
have
λ1(p, R) ≤ λ1(p, R) ∀p ∈ R.
This proposition and Definition 2.1 yield the following corollary immediately.
Corollary 2.1. Let the assumptions in Proposition 2.1 hold. If there exist p, λ ∈ R, and
φ ∈ A such that Lpφ(x) = λφ(x) ∀x ∈ IR, then
λ = λ1(p, R) = λ1(p, R).
We write λ1(p, R, a(·)) and λ1(p, R, a(·)) to emphasize that the generalized principal
eigenvalues are related to a(x). Then one can use the Definition 2.1 to verify
Proposition 2.2. For any R ∈ {−∞} ∪R, p ∈ R, we have
|λ1(p, R, a(·))− λ1(p, R, a′(·))| ≤ sup
x∈IR
‖a′ − a‖∞,
|λ1(p, R, a(·))− λ1(p, R, a′(·))| ≤ sup
x∈IR
‖a′ − a‖∞.
It is easy to see that λ1(p, R) is increasing in R, and λ1(p, R) is decreasing in R. By
Proposition 2.1, one can define:
(3) H(p) := lim
R→+∞
λ1(p, R), and H(p) := lim
R→+∞
λ1(p, R), ∀ p ∈ R.
Proposition 2.3. Assume that (K1) and (K4) hold. The functions 0 < H(p) ≤ H(p)
are locally Lipschitz continuous, and
lim
p→0+
H(±p)
p
= lim
p→+∞
H(±p)
p
= +∞.
Now, as in [9] we can define the speeds ω and ω:
(4) ω := min
p>0
H(−p)
p
, and ω := min
p>0
H(−p)
p
.
Remark 2.1. If we set K−(x, y) = K(−x,−y), f−(x, u) = f(−x, u), then, as we did
before, one can still define λ−1 (p, R), λ
−
1 (p, R), H
−(p), H
−
(p), ω−and ω− associated with
L−, where L− : Xz → Xz is defined by L−φ(x) = K−φ(x) − a−(x)φ(x) with K−φ(x) =∫
R
K−(x, y)φ(y)dy, a−(x) = b(−x)+f ′(−x, 0). Moreover, we have λ−1 (p, R) ≤ λ−1 (p, R), 0 <
H−(p) ≤ H−(p) and 0 < ω− ≤ ω−.
The main result of this paper is as following:
Theorem 2.1. Let u(t, x) be a solution of (1). Then:
1) For all ω > ω, lim
t→+∞
sup
x≥ωt
|u(t, x)| = 0 provided that (K1) and (K4) hold;
2) For all 0 ≤ ω < ω, lim
t→+∞
sup
0≤x≤ωt
|u(t, x)− 1| = 0 provided that (K1)-(K5) hold.
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3. Properties of generalized principal eigenvalues
Proof of Proposition 2.1. Assume by contradiction that λ1(p, R) > λ1(p, R). Then there
exist λ ∈ R and ε > 0 such that λ1(p, R) > λ > λ − 2ε > λ1(p, R), and φ, ψ ∈ A such
that 

∫
R
K(x, y)ep(y−x)ψ(y)dy − a(x)ψ(x) ≥ λψ(x), x ∈ IR,∫
R
K(x, y)ep(y−x)φ(y)dy − a(x)φ(x) ≤ (λ− 2ε)φ(x), x ∈ IR.
Therefore,
(5)


∫
R
K(x+Rn, y +Rn)e
p(y−x)ψn(y)dy − an(x)ψn(x) ≥ λψn(x), x ∈ IR−Rn ,∫
R
K(x+Rn, y +Rn)e
p(y−x)φn(y)dy − an(x)φn(x) ≤ (λ− 2ε)φn(x), x ∈ IR−Rn ,
where ψn(x) = ψ(x + Rn), φn(x) = φ(x + Rn), an(x) = a(x + Rn), and Rn → +∞ as
n → ∞. Then by Arzel-Ascoli Theorem, there exists a subsequence (still denoted by
Rn) and bounded continuous functions ψ∞, φ∞ such that ψn → ψ∞, φn → φ∞ locally
uniform. For any fixed x ∈ R, there exists a subsequence {Rn(x)} ⊂ {Rn} such that
a(x+Rn(x))→ a∞(x). Hence
(6) lim inf
n→+∞
∫
R
K(x+Rn(x), y+Rn(x))e
p(y−x)ψn(y)dy− a∞(x)ψ∞(x) ≥ λψ∞(x), x ∈ R,
(7)
lim sup
n→+∞
∫
R
K(x+Rn(x), y+Rn(x))e
p(y−x)φn(y)dy−a∞(x)φ∞(x) ≤ (λ−2ε)φ∞(x), x ∈ R.
Let γ = inf
x∈R
φ∞(x)
ψ∞(x)
≥
inf
x∈R
φ(x)
sup
x∈R
ψ(x)
> 0, zn = φn − γψn, and z = φ∞ − γψ∞ ≥ 0. Then zn → z∞
locally uniform, and inf
x∈R
z∞(x) = 0. (7)-(6) yields that
lim sup
n→+∞
∫
R
K(x+Rn(x), y +Rn(x))e
p(y−x)zn(y)dy ≤ lim sup
n→+∞
∫
R
K(x+Rn(x), y +Rn(x))e
p(y−x)φn(y)dy
− lim inf
n→+∞
∫
R
K(x+Rn(x), y +Rn(x))e
p(y−x)γψn(y)dy
≤ (λ+ a∞(x))z(x)− 2εφ∞(x)
≤ (λ+ a∞(x))z(x)− 2ε inf
x∈R
φ(x).
(8)
Choose x0 such that (λ + a∞(x0))z(x0) ≤ ε inf
x∈R
φ(x) since a∞ ∈ L∞ and inf
x∈R
z∞(x) = 0.
Then, at x0, the right hand side of (8) ≤ −ε inf
x∈R
φ(x). On the other hand, there exists
R > 0 depending on x0 such that
∫
BcR(x0)
K(x0 + Rn(x0), y + Rn(x0))e
p(y−x0)zn(y)dy ≤
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2
ε inf
x∈R
φ(x) since zn is bounded. Hence at x0, we have
LHS of (8) ≥ lim sup
n→+∞
∫
BR(x0)
K(x0 +Rn(x0), y +Rn(x0))e
p(y−x0)zn(y)dy − 1
2
ε inf
x∈R
φ(x)
≥ lim sup
n→+∞
∫
BR(x0)
−K(x0 +Rn(x0), y +Rn(x0))ep(y−x0)dy sup
y∈BR(x0)
|zn(y)| − 1
2
ε inf
x∈R
φ(x)
≥ −1
2
ε inf
x∈R
φ(x).
which contradicts RHS of (8) ≤ −ε inf
x∈R
φ(x)! 
Next we will prove that H(p) and H(p) are locally Lipschitz continuous by showing
that λ1(p, R) and λ1(p, R) are locally Lipschitz continuous with respect to p uniformly in
R ∈ R.
Lemma 3.1. For any α, β ∈ (0, 1), α+ β = 1, p, q ∈ R, and φ(x) > 0, ψ(x) > 0 for any
x ∈ R with lim
|x|→+∞
lnφ(x)
|x| < +∞, lim|x|→+∞
lnψ(x)
|x| < +∞, we have
(9)
(Lαp+βqφ
αψβ)
φαψβ
(x) ≤ α(Lpφ)
φ
(x) + β
(Lqψ)
ψ
(x), x ∈ R.
Proof.∫
R
K(x, y)e(αp+βq)(y−x)φα(y)ψβ(y)dy
φα(x)ψβ(x)
=
∫
R
(K(x, y)ep(y−x)
φ(y)
φ(x)
)α(K(x, y)eq(y−x)
ψ(y)
ψ(x)
)βdy
≤ (
∫
R
K(x, y)ep(y−x)
φ(y)
φ(x)
dy
)α( ∫
R
K(x, y)ep(y−x)
ψ(y)
ψ(x)
dy
)β
≤ α
∫
R
K(x, y)ep(y−x)
φ(y)
φ(x)
dy + β
∫
R
K(x, y)ep(y−x)
ψ(y)
ψ(x)
dy.
Hence
(Lαp+βqφ
αψβ)
φαψβ
≤ α(Lpφ)
φ
+ β
(Lqψ)
ψ
.

One can easily obtain the following corollary by the definition of λ1(p, R) immediately.
Corollary 3.1. For any R ∈ {−∞} ∪R. λ1(p, R) is convex with respect to p. i.e.,
αλ1(p1, R) + βλ1(p2, R) ≥ λ1(αp1 + βp2, R).
Lemma 3.2. Assume that (K1) holds. λ1(p, R) and λ1(p, R) are locally Lipschitz contin-
uous in p and the Lipschitz constant is independent of R ∈ {−∞} ∪R.
Proof. Assume that p1 6= p2, α = |p2−p1|1+|p2−p1| , β = 11+|p2−p1| . We may, without loss of
generality, assume that |p1 − p2| ≤ 12 and that λ1(pj, R)(j = 1, 2) and λ1(pj, R) are
positive by adding a sufficiently large constant M to Lp. For any ε > 0, there exists
φ2 ∈ A such that
Lp2φ2 ≤ (λ1(p2, R) + ε)φ2 on IR.
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Set p = p1 +
p1−p2
|p1−p2| . Then αp+ βp2 = p1. From Lemma 3.1, we have
(Lp1φ
β
2 )
φβ2
(x) ≤ α(Lp1)
1
(x) + β
(Lp2φ2)
φ2
(x)
≤ α(
∫
R
K(x, y)ep(y−x)dy − a(x)) + β(λ1(p2, R) + ε)
≤ α(
∫
R
K(x, y)ep(y−x)dy − a(x)) + (λ1(p2, R) + ε)
≤ λ1(p2, R) + ε+ |p2 − p1|
1 + |p2 − p1|
( ∫
R
K(x, y)ep(y−x)dy + f ′s(x, 0)
)
(10)
for x ∈ IR. Therefore,
(Lp1φ
β
2 )
φβ2
(x) ≤ λ1(p2, R) + ε+ C0|p1 − p2|, ∀x ∈ IR,
where C0 depends on p1, K, and f
′
s(x, 0) but independent of R. Take ε → 0 and note
that φβ2 ∈ A since φ2 ∈ A. The definition of λ1(pj, R) yields that λ1(p1, R) ≤ λ1(p2, R) +
C0|p1 − p2|. By the symmetry, we have |λ1(p1, R)− λ1(p2, R)| ≤ C0|p1 − p2|.
Similarly, there exists ψ ∈ A such that
Lp1ψ(x) ≥ (λ1(p1, R)− ε)ψ(x) on IR.
Set φ1 ≡ 1, φ2 = ψ
1
β , p = p1 + sgn(p1 − p2), i.e., αp+ βp2 = p1. Then by Lemma 3.1
(Lp2ψ
1
β )
ψ
1
β
(x) ≥ 1
β
Lp1ψ
ψ
(x)− α
β
Lp1
1
(x)
≥ λ1(p1, R)− ε− |p2 − p1|
( ∫
R
K(x, y)ep(y−x)dy + f ′s(x, 0)
)
.
Hence one can still obtain that |λ1(p1, R) − λ1(p2, R)| ≤ C1|p1 − p2| for some constant
C1. 
Proof of Proposition 2.3. It is easy to see that H(p) and H(p) are locally Lipschitz con-
tinuous by Lemma 3.1. Take φ ≡ 1 as a test function. Then the proof is closed by
(K4). 
4. Proof of the spreading property
In this section, we always assume that b(·) ∈ L∞(R)∩C(R), and a(x) = b(x)−f ′s(x, 0).
4.1. Proof of The first part of Theorem 2.1. We first give a useful lemma which we
will need later.
Lemma 4.1. Assume that z is bounded on I ×R for any bounded interval I ∈ [0,+∞),
z(t, x) is differentiable in t ∈ (0,+∞) and continuous on [0,+∞) for all x ∈ R, and that
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z(t, x) satisfies
(11)


zt(t, x) ≥
∫
R
K(x, y)z(t, y)dy − a(x)z(t, x), (0,+∞)×R,
z ≥ 0, t = 0.
Then z(t, x) ≥ 0 for (t, x) ∈ (0,+∞)×R.
Proof. We may, without loss of generality, assume that 0 < a(x) < b(x) + F for some
positive constant F . In fact, one can consider ζ(t, x) = z(t, x)ect for c large enough instead
of z(t, x). Now we prove that z(t, x) ≥ 0. If not, then there exists (t0, x0) ∈ (0,+∞)×R
such that z(t0, x0) < 0. Let m = inf
[0,t0]×R
z(t, x) ≤ z(t0, x0) < 0. For any ε > 0 small, there
exists (tε, xε) ∈ (0, t0] × R such that z(tε, xε) ≤ m + ε < 0. Consider z(t, xε) on [0, tε].
Then there must be τε ∈ (0, tε] such that z(τε, xε) = min
[0,tε]
z(t, xε). Hence zt(t, xε) ≤ 0 at
τε. Now from (11) we have
a(xε)z(τε, xε) ≥
∫
R
K(xε, y)z(τε, y)dy − zt(τε, xε)
≥
∫
R
K(xε, y)z(τε, y)dy
≥ m
∫
R
K(xε, y)dy.
(12)
On the other hand,
a(xε)z(τε, xε) ≤ a(xε)(m+ ε) ≤ (b(xε) + F )(m+ ε).
Combining this with (12), we have (b(xε)+F )(m+ε) ≥ mb(xε), i.e., F (m+ε)+εb(xε) ≥ 0,
which contradicts m < 0 since ε can be arbitrarily small. The proof is complete. 
Remark 4.1. Assume that z is bounded on I ×R for any bounded interval I ∈ [0,+∞),
and that z(t, x) is locally Lipschitz continuous on [0,∞) for any x ∈ R. We denote the
left derivative by d
−
dt
, and assume that d
−
dt
z(t, x) exists for any t > 0, x ∈ R. Moreover,
we assume that z satisfies

∂−
∂t
z(t, x) ≥
∫
R
K(x, y)z(t, y)dy − a(t, x, z)z(t, x), (0,+∞)×R, ,
z ≥ 0, t = 0,
where a ∈ L∞((0,+∞)×R2). Then z(t, x) ≥ 0 for (t, x) ∈ (0,+∞)×R still holds.
Corollary 4.1. For any α ∈ (0, 1). Let v be the solution of
(13)


vt(t, x) =
∫
R
K(x, y)v(t, y)dy − b(x)v(t, x) + f(x, v), (0,+∞)×R,
v = α, t = 0.
Then lim
t→+∞
v(t, x) = 1 uniformly in x ∈ R.
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Proof. First, by Lemma 4.1, we have 0 ≤ v ≤ 1 on [0,+∞) × R. Let 0 < c(s) =
inf
x∈R
f(x, s) ≤ f(x, s) ∀s ∈ (0, 1), and v be the solution of
{
v′(t) = c(v) (0,+∞),
v = α, t = 0.
Then one can easily find that lim
t→+∞
v(t) = 1. Let w = v − v. Then w satisfies w(0, x) = 0
and
wt(t, x) =
∫
R
K(x, y)w(t, y)dy − b(x)w(t, x) + f(x, v)− c(v)
≥
∫
R
K(x, y)w(t, y)dy− b(x)w(t, x) + f(x, v)− f(x, v)
≥
∫
R
K(x, y)w(t, y)dy− b(x)w(t, x) + cˆ(t, x)w(t, x),
where cˆ(t, x) =
∫ 1
0
f ′s(x, v + s(v − v))ds is bounded on R. Hence w(t, x) ≥ 0 by Lemma
4.1, i.e., v(t, x) ≥ v(t). Therefore, 1 ≥ lim
t→+∞
v(t, x) ≥ lim
t→+∞
v(t) = 1. 
Proof of part 1 of Theorem 2.1. For any given ω > ω, i.e., ω > min
p>0
H(−p)
p
, there exist
p > 0 and R large enough such that λ1(−p, R) < ωp. Hence for δ ∈ (0, ωp), there exists
φ ∈ A such that
Lpφ(x) ≤ (ωp− δ)φ(x) ∀x ∈ IR,
i.e.,
(14) L(e−p·φ)(x) ≤ (ωp− δ)e−pxφ(x) ∀x ∈ IR.
Since inf
x∈R
φ(x) > 0 and u0 has compact support, we may assume that φ(x)e
−px ≥ u0(x)
on R and inf
x∈R
φ(x)e−pR ≥ 1 through multiplying by a sufficiently large constant. Let
ψ(t, x) = φ(x)e−px+(ωp−δ)t(≥ φ(x)e−px for (t, x) ∈ [0,+∞) × R). Then ψ(t, x) ≥ 1 for
(t, x) ∈ [0,+∞)× (−∞, R] and lim
x→∞
ψ(t, x) = 0 locally uniform with respect to t ∈ [0,∞).
Moreover, (14) yields that
ψt(t, x) ≥ Lψ(t, x) ∀(t, x) ∈ [0,+∞)× IR.
Let v(t, x) = min{1, ψ(t, x)}(≤ ψ(t, x)) for (t, x) ∈ [0,+∞) × R. Then v(t, x) = 1 on
[0,+∞)× (−∞, R]. One can verify that v satisfies

∂−
∂t
v(t, x) ≥
∫
R
K(x, y)v(t, y)dy − b(x)v(t, x) + f(x, v), (0,+∞)×R, ,
v ≥ 0, t = 0.
Now let w = v − u. Then w satisfies

∂−
∂t
w(t, x) ≥
∫
R
K(x, y)w(t, y)dy− b(x)w(t, x) + cˆ(t, x)w(t, x), (0,+∞)×R,
v ≥ 0, t = 0.
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By Remark 4.1, one has u ≤ v, in particular,
sup
x≥ωt
u(t, x) ≤ sup
x≥ωt
φ(x)e−px+(ωp−δ)t ≤ sup
x≥ωt
φ(x)e−px+(ωp−δ)
x
ω = sup
x≥ωt
φ(x)e
−δx
ω → 0
as t→ +∞. 
Remark 4.2. In fact, we need (K1) and the function H(p) > 0 is locally Lipschitz
continuous with
lim
p→0+
H(±p)
p
= lim
p→+∞
H(±p)
p
= +∞.
4.2. Homogenization techniques to the equation. In order to show the second part
of Theorem 2.1, we will first use homogenization techniques to consider the behavior of
vε(t, x) := u(
t
ε
, x
ε
) as ε → 0. For this reason, we need consider ε ln vε(t, x), which is well
defined since the following
Lemma 4.2. Assume that u is the solution of (1) and (K3) holds. Then u(t, x) > 0 for
any (t, x) ∈ (0,+∞)×R.
Proof. The proof follows from similar arguments to [40, Proposition 2.2]. 
Denote zε(t, x) = ε ln vε(t, x), Kε(x, y) = K(
x
ε
, y
ε
), fε(x, s) = f(
x
ε
, s), and bε(x) = b(
x
ε
) =∫
R
K(x
ε
, y)dy = 1
ε
∫
R
Kε(x, y)dy. Then, for (t, x) ∈ (0,+∞)×R, vε(t, x) satisfies
(15) ∂tvε(t, x) =
1
ε2
∫
R
Kε(x, y)vε(t, y)dy − 1
ε
bε(x)vε(t, x) +
1
ε
fε(x, vε),
and zε satisfies
(16) ∂tzε(t, x) =
1
ε
∫
R
Kε(x, y) exp
(zε(t, y)− zε(t, x)
ε
)
dy − bε(x) + fε(x, vε)
vε
.
Theorem 4.1. For any compact set Q ⊆ (0,+∞) ×R there exist constants c > 0 and
ε0(≤ 1) depending on Q such that |zε(t, x)| ≤ c for all ε ∈ (0, ε0), (t, x) ∈ Q.
To prove this theorem, we need the following
Lemma 4.3. Let B = ‖b‖∞ and σ(t0) = min|y|≤η u(t0, y). Then we have
u(t, x) ≥ e−B(t−t0)(σ(t0)(eC(t−t0) − 1) + u(t0, x)) ∀ t ≥ t0, |x| < η + δ0.
Proof.
ut(t, x) =
∫
R
K(x, y)u(t, y)dy − b(x)u(t, x) + f(x, u)
≥
∫
R
K(x, y)u(t, y)dy −Bu(t, x).
Hence ∂t(e
Btu(t, x)) ≥ eBt ∫
R
K(x, y)u(t, y)dy > 0, i.e., eBtu(t, x) is strictly increasing
and
eBtu(t, x) ≥ I0(x) +
∫ t
t0
∫
R
K(x, y)eBsu(s, y)dyds,(17)
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where I0(x) = e
Bt0u(t0, x). The monotonicity and (K3) yield that
eBtu(t, x) ≥ I0(x) +
∫ t
t0
∫
R
K(x, y)eBsu(s, y)dyds
≥ I0(x) +
∫ t
t0
∫
R
K(x, y)χη+δ0(y)e
Bt0u(t0, y)dyds
≥ I0(x) + eBt0(t− t0)
∫
R
K(x, y)χη+δ0(y)u(t0, y)dy
≥ I0(x) + CeBt0(t− t0)σ(t0)
for t ≥ t0 and |x| < η + δ0, i.e.,
(18) eBtu(t, x) ≥ χη+δ0(x)I1(t, x) ∀ t ≥ t0, x ∈ R,
where I1(t, x) = I0(x) + Ce
Bt0(t− t0)σ(t0).
Using this, we can obtain from (17) that
eBtu(t, x) ≥ I0(x) +
∫ t
t0
∫
R
K(x, y)eBsu(s, y)dyds
≥ I0(x) +
∫ t
t0
∫
R
K(x, y)χη+δ0(y)I1(s, y)dyds
= I0(x) +
∫ t
t0
∫
R
K(x, y)χη+δ0(y)
(
I0(y) + Ce
Bt0(s− t0)σ(t0)
)
dyds
= I0(x) +
∫ t
t0
∫
R
K(x, y)χη+δ0(y)I0(y)dy
+
∫ t
t0
∫
R
K(x, y)χη+δ0(y)Ce
Bt0(s− t0)σ(t0)
)
dyds
≥ I1(t, x) + σ(t0)eBt0C (t− t0)
2
2
∫
R
K(x, y)χη+δ0(y)dy
≥ I1(t, x) + σ(t0)eBt0C2 (t− t0)
2
2
(19)
for any t ≥ t0, |x| < η + δ0, i.e.,
eBtu(t, x) ≥ χη+δ0(x)I2(t, x) ∀ t ≥ t0, x ∈ R,
where I2(t, x) = I1(t, x) + σ(t0)e
Bt0C2 (t−t0)
2
2
.
One can repeat this process to find that
eBtu(t, x) ≥ eBt0u(t0, x) + σ(t0)eBt0
∞∑
n=1
(C(t− t0))n
n!
= eBt0
(
σ(t0)(e
C(t−t0) − 1) + u(t0, x)
) ∀ t ≥ t0, |x| < η + δ0.
Therefore,
u(t, x) ≥ e−B(t−t0)(σ(t0)(eC(t−t0) − 1) + u(t0, x))
for any t ≥ t0, |x| < η + δ0. 
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Proof of Theorem 4.1. We only need to show that the theorem is valid when Q = [τ, T ]×
[−R,R]. We may assume that u(0, x) ≥ σ0 for |x| ≤ η0. Otherwise, we can consider
u( τ
2
, x) > 0 ∀x ∈ R by Lemma 4.2. First by Lemma 4.3
u(t, x) ≥ e−Bt(σ0(eCt − 1) + u(0, x)), ∀t ≥ 0, |x| < η0 + δ0.
Let σ1 := min|x|≤η0+δ0
u(t, x) ≥ σ0e−Bt(eCt − 1). Using Lemma 4.3 again with η = η0 + δ0, we
have
u(2t, x) ≥ e−Bt(σ1(eCt − 1) + u(t, x)), ∀t ≥ 0, |x| < η0 + 2δ0.
By induction, one can finally obtain that
u(nt, x) ≥ e−Bt(σn−1(eCt − 1) + u((n− 1)t, x)), ∀t ≥ 0, |x| < η0 + nδ0, n = 1, 2, · · · ,
where σn := min|x|≤η0+nδ0
u(nt, x) ≥ σ0e−nBt(eCt − 1)n. Therefore,
u(nt, x) ≥ σ0e−nBt(eCt − 1)n, ∀t ≥ 0, |x| < η0 + nδ0, n = 1, 2, · · · .
In particular, u(nt, nx) ≥ σ0e−nBt(eCt − 1)n, i.e.,
(20)
1
n
ln u(nt, nx) ≥ 1
n
ln σ0 − Bt+ ln(eCt − 1) ≥ ln σ0 −Bt + ln(eCt − 1)
for t ≥ 0, |x| < δ0, n = 1, 2, · · · . Now consider t ∈ [τ, T ], |x| ≤ R. Let nε = ( Rεδ0 + 1),
tε =
t
εnε
and xε =
x
εnε
. Then εnε ∈ ( Rδ0 , Rδ0 + ε), and |xε| =
|x|
εnε
≤ R
εnε
≤ δ0. Using (20), we
have
ε lnu(
t
ε
,
x
ε
) = εnε
1
nε
ln u(nεtε, nεxε)
≥ εnε
( 1
nε
ln σ0 − Btε + ln(eCt − 1)
)
≥ ε lnσ0 − Bt + εnε ln(eCt − 1)
≥ −C
for some positive constant C depends on τ, T, R. Then we are done since zε(t, x) =
ε ln u( t
ε
, x
ε
) < 0. 
From Theorem 4.1, we know that
z∗(t, x) = lim inf
(s,y)→(t,x),ε→0
zε(s, y) ≤ 0
is well defined on (0,+∞) × R. In the following content of this subsection we want to
find a Hamilton-Jacobi equation which is related to z∗. Denote Br(t0, x0) = {(t, x)| |t −
t0|2 + |x− x0|2 < r2}.
Lemma 4.4. For any (t0, x0) ∈ int{z∗ = 0}, there exists θ > 0 such that Bθ(t0, x0) ∈
int{z∗ = 0} and lim inf
ε→0
inf
(τ,ξ)∈Bθ(t0,x0)
vε(τ, ξ) > 0.
Proof. For any (t0, x0) ∈ int{z∗ = 0}, we have z∗(t, x) = 0 for any (t, x) ∈ B2δ(t0, x0)
for some δ > 0. Hence it is easy to find that zε(t, x) → 0 as ε → 0 uniformly in
Bδ(t0, x0). Now for any (τ, ξ) ∈ B δ
4
(t0, x0), let φ(t, x; τ, ξ) = −(|t − τ |2 + |x − ξ|2). For
SPREADING SPEEDS OF KPP-TYPE NONLOCAL DISPERSAL IN HETEROGENEOUS MEDIA 13
any η ∈ (0, δ2
16
), there exists ε0 (only depending on η and zε) such that −η < zε(t, x) ≤ 0
for all (t, x) ∈ Bδ(t0, x0) and 0 < ε ≤ ε0. Therefore,
(
zε(t, x)− φ(t, x; τ, ξ)
)
>
(|t− τ |2 + |x− ξ|2)− η ≥ δ2
2
> 0 ∀ (t, x) ∈ ∂Bδ(t0, x0),
zε(t, x)− φ(t, x; τ, ξ)
∣∣
(t,x)=(τ,ξ)
= zε(τ, ξ) ≤ 0.
That is to say, zε(t, x)−φ(t, x; τ, ξ) reaches its minimum at some point, say (tε(τ, ξ), xε(τ, ξ)),
over Bδ(t0, x0). Note that for any r ∈ (√η, δ], ε ∈ (0, ε0). We have(
zε(t, x)−φ(t, x; τ, ξ)
)
> 0 ≥ min
Bδ(t0,x0)
(
zε(t, x)−φ(t, x; τ, ξ)
) ∀(t, x) ∈ Bδ0(t0, x0)\Br(τ, ξ),
which means that (tε(τ, ξ), xε(τ, ξ)) ∈ B√η(τ, ξ), i.e.,
|tε(τ, ξ)− τ |2 + |xε(τ, ξ)− ξ|2 ≤ η, ∀(τ, ξ) ∈ B δ
4
(t0, x0).
From this, one can easily find that (tε(τ, ξ), xε(τ, ξ)) → (τ, ξ) as ε → 0 uniformly for
(τ, ξ) ∈ B δ
4
(t0, x0). We will write tε(τ, ξ), xε(τ, ξ)) and φ(t, x; τ, ξ) by tε, xε and φ(t, x) for
simplicity. Obviously, we have
(21) ∂tzε(tε, xε)− ∂tφ(tε, xε) = 0,
(22) zε(t, y)− φ(t, y) ≥ zε(tε, xε)− φ(tε, xε), ∀(t, y) ∈ Bδ(t0, x0).
Then at (tε, xε), we have
∂tzε(t, x) ≥ 1
ε
∫
Bδ(x0)
Kε(x, y) exp
(zε(t, y)− zε(t, x)
ε
)
dy − bε(x) + fε(x, vε)
vε
≥ 1
ε
∫
Bδ(x0)
Kε(x, y) exp
(φ(t, y)− φ(t, x)
ε
)
dy − bε(x) + fε(x, vε)
vε
≥ 1
ε
∫
B δ
2
(xε)
Kε(x, y) exp
(φ(t, y)− φ(t, x)
ε
)
dy − bε(x) + fε(x, vε)
vε
,
(23)
since Bδ(x0) ⊃ B δ
2
(xε) for ε small. Combining this with (21), we have
(24) 0 <
fε(xε, vε)
vε
≤ ∂tφ(tε, xε)+bε(xε)−1
ε
∫
B δ
2
(xε)
Kε(xε, y) exp
(φ(tε, y)− φ(tε, xε)
ε
)
dy.
Claim: Fε(x) := bε(xε)− 1ε
∫
B δ
2
(xε)
Kε(xε, y) exp
(
φ(tε,y)−φ(tε,xε)
ε
)
dy → 0 as ε→ 0.
Proof of Claim:
|Fε(x)| = |1
ε
∫
R
Kε(xε, y)dy − 1
ε
∫
B δ
2
(xε)
Kε(xε, y) exp
((xε − y)(xε − ξ + y − ξ)
ε
)
dy|
= |
∫
R
K(
xε
ε
,
xε
ε
− y)dy −
∫
B δ
2ε
(0)
K(
xε
ε
,
xε
ε
− y) exp (2y(xε − ξ)− εy2)dy|.
(25)
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For any σ > 0, there exists R > 0 such that
(26)
∫
BCR (0)
K(
xε
ε
,
xε
ε
− y)dy < σ,
and
(27)
∫
BCR (0)
K(
xε
ε
,
xε
ε
−y) exp (2y(xε−ξ)−εy2)dy ≤
∫
BCR (0)
K(
xε
ε
,
xε
ε
−y) exp(δy
2
)dy ≤ σ
for any ε ∈ (0, ε0) since K(x, x− ·)e−p· is uniformly integrable w.r.t. x. Then
|Fε(x)| ≤ |
∫
BR(0)
K(
xε
ε
,
xε
ε
− y)−K(xε
ε
,
xε
ε
− y) exp (2y(xε − ξ)− εy2)dy|+ 2σ
=
∫
BR(0)
K(
xε
ε
,
xε
ε
− y)dy sup
y∈BR(0)
|(1− exp (2y(xε − ξ)− εy2))|+ 2σ
≤ 3σ
(28)
for ε small enough since exp
(
2y(xε − ξ) − εy2
) → 1 as ε → 0 uniformly in y ∈ BR(0).
Thus the proof of claim is finished.
Note that ∂tφ(tε, xε) = 2(tε− τ)→ 0 as ε→ 0. Then from (24), we have 0 < fε(xε,vε)vε ≤
o(1) as ε → 0 uniformly for (τ, ξ) ∈ B δ
4
(t0, x0). On the other hand, f(x, ·) ∈ C1+γ([0, 1])
uniformly with respect to x ∈ R yields that there exists C > 0 such that
(29)
f(x, s)
s
≥ f ′s(x, 0)− Csγ ∀x ∈ R, s ∈ [0, 1],
which yields
0 < f ′s(
xε
ε
, 0) ≤ Cvγε +
fε(xε, vε)
vε
≤ Cvγε + o(1) as ε→ 0.
Then we have
C
1
γ lim inf
ε→0
vε(tε, xε) ≥ ( inf
x∈R
f ′s(x, 0))
1
γ > 0,
where the last inequality follows from 0 < inf
x∈R
f(x, s) ≤ f(x, s) ≤ f ′s(x, 0)s for any
s ∈ (0, 1). Furthermore, by the definition of (tε, xε), we have
zε(tε, xε) ≤ zε(tε, xε)− φ(tε, xε) ≤ zε(τ, ξ)− φ(τ, ξ) = zε(τ, ξ),
which yields that vε(τ, ξ) ≥ vε(tε(τ, ξ), xε(τ, ξ)) ∀(τ, ξ) ∈ B δ
4
(t0, x0). Thus
lim inf
ε→0
inf
(τ,ξ)∈Bθ(t0,x0)
vε(τ, ξ) ≥ lim inf
ε→0
vε(tε, xε) > 0.

Lemma 4.5. The lower semi-continuous function z∗ is a viscosity supersolution of
max{∂tz∗ −H(∂xz∗), z∗} ≥ 0 (t, x) ∈ (0,+∞)× (0,+∞).
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Proof. Note that z∗ ≤ 0, hence we only need to show that
∂tz∗(τ, x)−H(∂xz∗(τ, x)) ≥ 0 (t, x) ∈ {(t, x) ∈ (0,+∞)× (0,+∞)|z∗(t, x) < 0}
in the sense of viscosity solution. For a smooth function φ defined on (0,+∞)× (0,+∞),
assume that z∗−φ reaches its strict minimum at (t0, x0) over Bδ(t0, x0), with z∗(t0, x0) < 0.
Then we need to show that
∂tφ(t0, x0)−H(∂xφ(t0, x0)) ≥ 0.
Denote p := ∂xφ(t0, x0). Fix some R ∈ R large enough. For any µ > 0 small, there exists
ψ ∈ A such that
(30) Lpψ ≥ (λ1(p, R)− µ)ψ on IR.
Let βε(x) := ε lnψε(x), where ψε(x) = ψ(
x
ε
). Then βε(x) satisfies
(31)
1
ε
∫
R
Kε(x, y) exp
(βε(y)− βε(x) + p(y − x)
ε
)
dy − bε(x) + f ′s(
x
ε
, 0) ≥ λ1(p, R)− µ
on IεR by (30). Moreover, βε(x) → 0 as ε → 0 locally uniform with respect to x since
ψ ∈ A. After a similar argument to [9, Proposition 4.3], there exist εn, (tn, xn) ∈ Bδ(t0, x0)
such that (εn, tn, xn)→ (0, t0, x0) and zεn(tn, xn)→ z∗(t0, x0) as n→ +∞, and zεn − φ−
εn lnψεn reaches its minimum at (tn, xn) over Bδ(t0, x0) for n ≥ n0, i.e.,
zεn(t, x)− φ(t, x)− βεn(x) ≥ zεn(tn, xn)− φ(tn, xn)− βεn(xn) ∀(t, x) ∈ Bδ(t0, x0).
Hence one can obtain
∂tφ(tn, xn) = ∂tzεn(tn, xn)
=
1
εn
∫
R
Kεn(xn, y) exp
(zεn(tn, y)− zεn(tn, xn)
εn
)
dy − bεn(xn) +
f(xn
εn
, vεn)
vεn
≥ 1
εn
∫
Bδ(x0)
Kεn(xn, y) exp
(zεn(tn, y)− zεn(tn, xn)
εn
)
dy − bεn(xn) +
f(xn
εn
, vεn)
vεn
≥ 1
εn
∫
Bδ(x0)
Kεn(xn, y) exp
(φ(tn, y) + βεn(yn)− φ(tn, xn)− βεn(xn)
εn
)
dy
− bεn(xn) +
f(xn
εn
, vεn)
vεn
.
(32)
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Note that xn ∈ IεR and Bδ(x0) ⊃ B δ
2
(xn) for n large enough, hence (31) and (32) yield
that
∂tφ(tn, xn) ≥ 1
εn
∫
B δ
2
(xn)
Kεn(xn, y) exp
(φ(tn, y) + βεn(yn)− φ(tn, xn)− βεn(xn)
εn
)
dy
− 1
εn
∫
R
Kεn(xn, y) exp
(βεn(y)− βε(xn) + p(y − xn)
εn
)
dy + λ1(p,N)− µ
+
f(xn
εn
, vεn)
vεn
− f ′s(
xn
εn
, 0)
≥
∫
B δ
2εn
(0)
K(
xn
εn
,
xn
εn
− y) exp (φ(tn, xn − εny)− φ(tn, xn)
εn
+
βεn(xn − εny)− βεn(xn)
εn
)
dy
−
∫
R
K(
xn
εn
,
xn
εn
− y) exp (βεn(xn − εny)− βεn(xn)
εn
− py)dy + λ1(p,N)− µ
+
f(xn
εn
, vεn)
vεn
− f ′s(
xn
εn
, 0).
(33)
Note also that exp
(
βεn(xn−εny)−βεn (xn)
εn
) ≤ supx∈Rψ(x)
inf
x∈R
ψ(x)
, and there exists some constant M
such that |φ(tn,xn−εny)−φ(tn,xn)
εn
| ≤ My for any n ≥ n0, y ∈ B δ
2εn
(0). Moreover, since
lim
n→+∞
zεn(tn, xn) = z∗(t0, x0) < 0, we have vεn(tn, xn) = exp
zεn(tn,xn)
εn
→ 0 as n → +∞.
Then
f(xn
εn
,vεn )
vεn
− f ′s(xnεn , 0) → 0 as n → +∞. For any σ > 0, combining these and the
uniformly integrability of K(x, x− ·)e−p· with (33), there exists r such that
∂tφ(tn, xn) ≥ −
sup
x∈R
ψ(x)
inf
x∈R
ψ(x)
∫
Br(0)
K(
xn
εn
,
xn
εn
− y)dy sup
Br(0)
∣∣ exp (φ(tn, xn − εny)− φ(tn, xn)
εn
)− e−py∣∣
+ 2σ + λ1(p,N)− µ+ o(1).
(34)
Now from the definition of p, it is no difficulty to find that exp
(
φ(tn,xn−εny)−φ(tn,xn)
εn
) −
e−py → 0 locally uniform in y. Taking n→∞ in (34), we have
∂tφ(t0, x0) ≥ λ1(p, R)− µ.
Then taking µ→ 0+, we have
∂tφ(t0, x0)− λ1(p, R) ≥ 0.
Finally, taking R→ +∞, we obtain
∂tφ(t0, x0)−H(p) ≥ 0.
Thus complete the proof. 
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Next we need consider the convex conjugate of H which is given by H∗(q) := sup
p∈R
(pq−
H(p)) ≥ pq − H(p) for any p ∈ R. It is well defined by Proposition 2.2. Then we have
the following estimate for z∗ :
Lemma 4.6. One has z∗(t, x) ≥ min{−tH∗(−xt ), 0} for all (t, x) ∈ (0,+∞)× (0,+∞).
Proof. See [9, Lemma 4.4] or [29, Lemma 4.5]. 
4.3. Complete the proof of Theorem 2.1. For any positive number a, b, let
St(a, b) := {x ∈ R| − at < x < bt}.
We first prove a lemma we will need later:
Lemma 4.7. Let τ > 0, and assume that 0 ≤ v, v˜ ≤ 1 satisfy
(35) ut(t, x) =
∫
R
K(x, y)u(t, y)dy − b(x)u(t, x) + f(x, u) t > 0, x ∈ R,
and v(0, x) = v0(x), v˜(0, x) = v˜0(x) with v0(x) = v˜0(x) for x ∈ Sτ (a, b). Then∣∣v(t, z)− v˜(t, z)∣∣ ≤ cecte−θτ , ∀t ≥ 0, z ∈ Sτ (a− θ, b− θ),
where 0 < θ < min{a, b} and c is a constant depending on K, f . In particular, fixing
T1 > 0, for any σ > 0, one can find T such that∣∣v(T1, z)− v˜(T1, z)∣∣ ≤ σ, ∀τ > T, z ∈ Sτ (a− θ, b− θ).
Proof. First by the semigroup theory, there exists c0 ∈ R such that
(36) ‖eKtφ‖z ≤M0ec0t‖φ‖z, ∀t ≥ 0, z ∈ R, φ ∈ Xz.
Let w = v − v˜. Then w satisfies{
wt(t, x) = Kw(t, x) + (c(t, x)− b(x))w(t, x) t > 0, x ∈ R,
w(0, x) = v0(x)− v˜0(x), x ∈ R,
where c(t, x) =
∫ 1
0
f ′s(x, v˜(t, x) + s(v(t, x)− v˜(t, x)))ds. Hence
(37) w(t, x) =M0e
Ktw(0, x) +M0
∫ t
0
eK(t−s)(c(s, x)− b(x))w(s, x)ds,
and |c(t, x)− b(x)| ≤M ∀(t, x) ∈ (0,+∞)×R for some M . Using (36), we have
‖w(t, ·)‖z ≤M0ec0t‖w(0, ·)‖z +M0M
∫ t
0
ec0(t−s)‖w(s, ·)‖zds.
The Gronwall’s inequality yields that
‖w(t, ·)‖z ≤M0e(c0+M0M)t‖w(0, ·)‖z ∀t ≥ 0, z ∈ R,
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i.e., sup
x∈R
(
e−(x−z)|v(t, x) − v˜(t, x)|) ≤ M0e(c0+M0M)t sup
x∈R
(
e−(x−z)|v(0, x) − v˜(0, x)|) ∀t ≥
0, z ∈ R. In particular, for any z ∈ Sτ (a− θ, b− θ), we have
|v(t, z)− v˜(t, z)| ≤M0e(c0+M0M)t sup
x∈R
(
e−(x−z)|v(0, x)− v˜(0, x)|)
=M0e
(c0+M0M)t sup
x∈R\Sτ (a,b)
(
e−(x−z)|v(0, x)− v˜(0, x)|)
≤ 2M0e(c0+M0M)t sup
x∈R\Sτ (a,b)
e−(x−z)
≤ 2M0e(c0+M0M)te−θτ .
(38)

Proof of part 2 of Theorem 2.1. We will prove it in three steps.
Step 1: For any ω ∈ (0, ω), ω− ∈ (0, ω−), we have (1, ω) and (1, ω−) ∈ int{z∗ = 0}.
By the definition of ω, ∃ ε > 0 such that H(−p) ≥ pω(1 + ε) for any p > 0; also from
Proposition 2.2 one can find that there exists 0 < η ≤ H(0) such that H(−p) ≥ pω + η,
i.e., −η ≥ (−p)(−ω) − H(−p) for all p ∈ R. Then we obtain −H∗(−ω) ≥ η > 0.
Hence by the continuity of H∗ and Lemma 4.6, there exists a neighbourhood B(1, ω) of
(1, ω) ∈ (0,+∞)× (0,+∞) such that for any (t, x) ∈ B(1, ω). Then we have
z∗(t, x) ≥ min{−tH∗(−x
t
), 0} = 0,
that is to say, (1, ω) ∈ int{z∗ = 0}. Similarly, (1, ω−) ∈ int{z∗ = 0}.
Step 2: Show that lim inf
t→+∞
{ inf
x∈St(ω−,ω)
u(t, x)} > 0.
Note that (1, ω) and (1, ω−) ∈ int{z∗ = 0}. Then by Lemma 4.4, there exists θ > 0
such that
(39) lim inf
t→+∞
{ inf
ω˜∈Ω
u(t, ω˜t)} > 0,
where Ω := (−ω−,−(ω− − θ)) ∪ (ω − θ, ω). Suppose that lim inf
t→+∞
{ inf
x∈St(ω−,ω)
u(t, x)} = 0.
Then there exists (tn, xn) satisfying lim
n→∞
u(tn, xn) = 0, with xn ∈ Stn(−(ω− − θ), ω − θ)
since (39) (hence Bθ(xn) ⊂ Stn(ω−, ω)) , and u(tn, xn) = inf
t∈[0,tn],x∈Stn(ω−,ω)
u(t, x). There-
fore, at (tn, xn), we have
0 ≥ ∂tu(tn, xn) =
∫
R
K(xn, y)u(tn, y)dy − b(xn)u(tn, xn) + f(xn, u(tn, xn))
≥
∫
Bθtn(xn)
K(xn, y)u(tn, y)dy − b(xn)u(tn, xn) + f(xn, u(tn, xn))
≥
∫
Bθtn(xn)
K(xn, y)u(tn, xn)dy − b(xn)u(tn, xn) + f(xn, u(tn, xn))
=
∫
BC
θtn
(xn)
K(xn, y)u(tn, xn)dy + f(xn, u(tn, xn)).
(40)
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Combining this with (29)
0 ≥ lim sup
n→∞
(∫
BCθtn
(xn)
K(xn, y)dy+
f(xn, u(tn, xn))
u(tn, xn)
)
≥ lim sup
n→∞
f ′s(xn, 0) ≥ inf
x∈R
f ′s(x, 0) > 0,
which is a contradiction. Hence lim inf
t→+∞
{ inf
x∈St(ω−,ω)
u(t, x)} > 0.
Step 3: End the proof.
We only need to show that lim inf
t→+∞
{ inf
x∈St(ω−−2θ,ω−2θ)
u(t, x)} = 1 for any θ > 0 since
ω ∈ (0, ω), ω− ∈ (0, ω−) are arbitrary.
Let v be a solution of (13) with initial value v0 = α, where α :=
1
2
lim inf
t→+∞
{ inf
x∈St(ω−,ω)
u(t, x)} ∈
(0, 1). Then for any σ > 0, by Corollary 4.1, there exists T1 such that v(t, x) ≥ 1−σ ∀t ≥
T1, x ∈ R. Let uτ (t, x) be a solution of (35) with initial value uτ (0, x) = min
x∈R
{α, u(τ, x)}.
Then from Step 2 one can easily find that uτ (0, x) = α for x ∈ Sτ (ω−, ω) whenever τ is
large, say τ > T2 for some T2. Using Lemma 4.7 by replacing v˜, a, b with u
τ , ω−, ω respec-
tively, one can find a constant T3(≥ T2) such that
∣∣v(T1, z)− uτ (T1, z)∣∣ ≤ σ, ∀τ > T, z ∈
Sτ (ω
−−θ, ω−θ). Therefore, uτ (T1, z) ≥ v(T1, z)−σ ≥ 1−2σ, ∀τ > T, z ∈ Sτ (ω−−θ, ω−θ).
Moreover, there exists T4 > 0 such that Sτ (ω
− − 2θ, ω − 2θ) ⊂ Sτ−T1(ω− − θ, ω − θ) for
τ ≥ T4. Now taking T0 = T1 + T3 + T4, we have
(41) ut−T1(T1, z) ≥ 1− 2σ, ∀t > T0, z ∈ St(ω− − 2θ, ω − 2θ) ⊂ St−T1(ω− − θ, ω − θ).
On the other hand, Lemma 4.1 yields that
u(s+ t, z) ≥ ut(s, z) ∀t ≥ 0, s ≥ 0, z ∈ R.
Thus for t ≥ T0
u(t, z) ≥ ut−T1(T1, z) ≥ 1− 2σ ∀z ∈ St(ω− − 2θ, ω − 2θ).
Therefore, lim inf
t→+∞
{ inf
x∈St(ω−−2θ,ω−2θ)
u(t, x)} = 1. 
4.4. Examples. In this subsection, we will give two examples to show that there are
many kernels satisfying (K3) and (K5).
Example 4.1. Assume that K(x, y) ≥ θ0, when |x− y| ≤ ∆. Then (K3) and (K5) hold.
Moreover, lim
p→+∞
H(±p)
p
= +∞.
Proof. Let η0 =
∆
4
, δ0 =
∆
2
. Then for any η ≥ η0, we have∫
R
K(x, y)χη+δ0(y)φ(y)dy =
∫
Bη+δ0 (x)
K(x, y)φ(y)dy
≥
∫
Bη+δ0(x)∩{|y|≤η:|x−y|≤∆,|x|≤η+δ0}
K(x, y)φ(y)dy
≥ θ0 min|y|≤η φ(y)|Bη+δ0(x) ∩ {|y| ≤ η : |x− y| ≤ ∆, |x| ≤ η + δ0}|
≥ ∆
2
θ0 min|y|≤η
φ(y).
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Hence (K3) holds.
Note also that ∆ can be small enough to make sure that u0(x) > 0 ∀x ∈ Bη0(0). For
any t > 0, x ∈ R, one can find n large enough such that |x| < η0 + nδ0. Then one can
easily verify that Knu0 ≥ Cn min|y|≤η0 u0(y) > 0. Hence (K5) holds. Moreover, taking φ = 1
as a test function, we have
lim
p→+∞
H(±p)
p
≥ lim
p→+∞
lim
R→+∞
inf
x∈IR
{
∫
R
K(x, y)e±p(y−x)dy − a(x)}
p
≥ lim
p→+∞
lim inf
R→+∞
inf
x∈IR
{
∫
Bδ0 (0)
K(x, x− ξ)e∓pξdy − a(x)}
p
≥ lim
p→+∞
θ0
∫
Bδ0 (0)
e∓pξdy − supx∈R a(x)
p
≥ lim
p→+∞
θ0(e
|p|δ0 − 1)
p2
= +∞.

Remark 4.3. An observation is that: assume that a(·) ∈ C(R) is periodic with period
L and
∞∑
l=−∞
K(x, y + lL) =
∞∑
l=−∞
K(x + L, y + L + lL). It follows form [15] or [27] that
there exists an eigenpair (λper, φper) such that Lpφper = λperφper. Hence λ1(p,−∞) =
λ1(p,−∞) = λper by Corollary 2.1, which yields that ω = ω is exactly the spreading
speed provided (K1), (K2) and (K4) hold.
Example 4.2. Let K(x, y) =
∞∑
n=1
anδqn(x − y), where an is a positive sequence, qn ∈ R
and δ is the Dirac’s delta function on R. Assume that there exists qn1 > 0 and qn2 < 0
such that qn1 < a0 + b0 and −qn2 < a0 + b0, where a0 = sup{a : u0(x) > 0 ∀x ∈ (−a, 0]},
b0 = sup{b : u0(x) > 0 ∀x ∈ [0, b)}. Then (K3) and (K5) hold. Moreover, lim
p→+∞
H(±p)
p
=
+∞.
Proof. Let δ0 = min{qn1 ,−qn2}, η0 = max{qn1 ,−qn2}. For any η ≥ η0, we consider the
following two cases:
Case 1: x ∈ [0, η + δ0]. Then
K[χη+δ0φ](x) ≥ an1χη+δ0(x− qn1)φ(x− qn1) = an1φ(x− qn1) ≥ an1 min|y|≤η φ(y)
since −η ≤ −qn1 ≤ x− qn1 ≤ η + δ0 − qn1 ≤ η.
Case 2: x ∈ [−η − δ0, 0]. Then
K[χη+δ0φ](x) ≥ an2χη+δ0(x− qn2)φ(x− qn2) = an2φ(x− qn2) ≥ an2 min|y|≤η φ(y)
since η ≥ −qn2 ≥ x− qn2 ≥ −η − δ0 − qn2 ≥ −η.
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Therefore, K[χη+δ0φ](x) ≥ min{an1 , an2}min|y|≤η φ(y) for any |x| ≤ η + δ0. Hence (K3)
holds. One can easily verify that Ku0(x) > 0 ∀x ∈ (qn2 − a0, qn1 + b0). Then we have
Knu0(x) > 0 ∀x ∈ (nqn2 − a0, nqn1 + b0) by induction. Therefore, (K5) holds. Moreover,
taking φ = 1 as a test function, we have
lim
p→+∞
H(±p)
p
≥ lim
p→+∞
lim
R→+∞
inf
x∈IR
{
∫
R
K(x, y)e±p(y−x)dy − a(x)}
p
≥ lim
p→+∞
lim inf
R→+∞
inf
x∈IR
{
∞∑
n=1
ane
∓pqn − a(x)}
p
≥ lim
p→+∞
an1e
∓pqn1 + an2e
∓pqn2 − supx∈R a(x)
p
= +∞.

5. Almost periodic coefficients and periodic coefficients
5.1. An auxiliary nonlinear equation. Before going any further, we consider the ex-
istence and uniqueness of the bounded solution of the following equation first.
(42) εuε(x)−
∫
R
Kp(x, y)e
uε(y)−uε(x)dy + a(x) = 0,
where ε is a parameter and Kp(x, y) = K(x, y)e
p(y−x). We give the following assumption:
(K6) For any fixed R > 0,
∫
BR(0)
|Kp(x, x − s) −Kp(x + ξ, x+ ξ − s)|ds → 0 as |ξ| → 0
uniformly w.r.t x ∈ R.
Theorem 5.1. Fix ε > 0. Assume that (K1), (K2) and (K6) hold, a(x) is uniformly
continuous and w, v are bounded, satisfying

εw(x)−
∫
R
Kp(x, y)e
w(y)−w(x)dy + a(x) ≤ 0, x ∈ R,
εv(x)−
∫
R
Kp(x, y)e
v(y)−v(x)dy + a(x) ≥ 0, x ∈ R.
Then w(x) ≤ v(x) on R.
Proof. Set
Φ(x, y) = w(x)− v(y)− α|x− y| − µ(|x|+ |y|)
for α > 0, µ > 0. Then Φ reaches its maximum at some point, say (ξ, η), over R2.
Obviously, (ξ, η) depends on α, µ. If w(x) ≤ v(x) is not true, then there must exist
x0 ∈ R, δ > 0 such that w(x0) − v(x0) ≥ 2δ. Now for sufficiently small µ, we have
Φ(x0, x0) = w(x0) − v(x0)− 2µ|x0| ≥ δ, hence 0 < δ ≤ Φ(ξ, η) ≤ sup
x
|w(x)| + sup
x
|v(x)|.
From this we obtain
δ + α|ξ − η|+ µ(|ξ|+ |η|) ≤ w(ξ)− v(η) ≤ sup
x
|w(x)|+ sup
x
|v(x)|,
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which yields |ξ − η| → 0 as α→ +∞ uniformly with respect to µ. Furthermore,
εδ ≤ εw(ξ)− εv(η)
≤
∫
R
Kp(ξ, y)e
w(y)−w(ξ)dy − a(ξ)−
∫
R
Kp(η, y)e
v(y)−v(η)dy + a(η)
=
∫
R
Kp(ξ, ξ − s)ew(ξ−s)−w(ξ)ds−
∫
R
Kp(η, η − s)ev(η−s)−v(η)ds+ a(η)− a(ξ)
≤
∫
R
Kp(ξ, ξ − s)ev(η−s)−v(η)+µ(|η−s|+|ξ−s|−|η|−|ξ|)ds−
∫
R
Kp(η, η − s)ev(η−s)−v(η)ds+ a(η)− a(ξ)
≤
∫
BR(0)
(
Kp(ξ, ξ − s)e2µ|s| −Kp(η, η − s)
)
ev(η−s)−v(η)ds+ a(η)− a(ξ) + εδ
2
≤
∫
BR(0)
∣∣(Kp(ξ, ξ − s)−Kp(η, η − s))∣∣e2µ|s|ev(η−s)−v(η)ds
+
∫
BR(0)
Kp(η, η − s)(e2µ|s| − 1)ev(η−s)−v(η)ds+ a(η)− a(ξ) + εδ
2
.
(43)
The third inequality is valid because Φ reaches its maximum at (ξ, η) over R2. The last
inequality is because of (K2) and (K6). Taking µ → 0 and α → +∞ (after passing a
subsequence) in (43), we have εδ
2
≤ 0, which is a contradiction! 
Denote
USC(R) = {upper semicontinuous functions v : R→ R},
LSC(R) = {lower semicontinuous functions v : R→ R}.
Theorem 5.2. Assume that K : USC(R) → USC(R) and (K1), (K2) and (K6) hold.
For any fixed ε > 0, there is a unique solution uε ∈ C(R) ∩ L∞(R) of equation (42) such
that
(44) inf
x
∫
R
K(x, y)ep(y−x)dy − a(x)
ε
≤ uε(x) ≤ sup
x
∫
R
K(x, y)ep(y−x)dy − a(x)
ε
.
Denote c = inf
x
{∫
R
K(x, y)ep(y−x)dy − a(x)} and c = sup
x
{∫
R
K(x, y)ep(y−x)dy − a(x)}.
Then the solution of (42) in L∞(R) must satisfies (44) by Theorem 5.1. Hence we only
need to show the existence. Let
A = {v ∈ USC(R) : c
ε
≤ v(x) ≤ c
ε
+ 1, v is a subsolution}.
Here, we say v is a subsolution (supersolution) if εw(x)−∫
R
Kp(x, y)e
w(y)−w(x)dy+a(x) ≤
(≥)0. We prove the existence in several lemmas by using Perron’s method.
Lemma 5.1. Let w(x) := sup
v∈A
v(x). Then w ∈ A.
Proof. It is obvious that c
ε
≤ w(x) ≤ c
ε
+ 1 for any x ∈ R. In fact, w(x) ≤ c
ε
since c
ε
is a supersolution. Now for any fixed x0 ∈ R, any δ > 0, there exist vδ ∈ A such that
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vδ(x0) ≥ w(x0)− δ. Therefore,
lim inf
x→x0
w(x) ≥ lim inf
x→x0
vδ(x) ≥ vδ(x0) ≥ w(x0)− δ.
Since δ is arbitrarily, we have lim inf
x→x0
w(x) ≥ w(x0). Hence w ∈ LSC(R). Next, we
prove that w is a subsolution. If not, then there exist x0 and η > 0 such that εw(x0) −∫
R
Kp(x0, y)e
w(y)−w(x0)dy + a(x0) ≥ η. Hence
εvδ(x0)−
∫
R
Kp(x0, y)e
vδ(y)−vδ(x0)dy + a(x0)
≥ εw(x0)− εδ −
∫
R
Kp(x0, y)e
w(y)−vδ(x0)dy + a(x0)
≥ εw(x0)− εδ −
∫
R
Kp(x0, y)e
w(y)−w(x0)+δdy + a(x0)
≥ η − εδ −
∫
R
Kp(x0, y)e
w(y)−w(x0)(eδ − 1)dy
≥ η − εδ −
∫
R
Kp(x0, y)dy exp(
c− c
ε
)(eδ − 1)
> 0
for δ small enough, which is contradicts vδ ∈ A. From all above, we know that w ∈ A. 
Lemma 5.2. w is a supersolution. Moreover, εw(x)−∫
R
Kp(x, y)e
w(y)−w(x)dy+a(x) = 0.
Proof. It is sufficient to show εw(x) − ∫
R
Kp(x, y)e
w(y)−w(x)dy + a(x) ≥ 0. If not, then
there exist x0 and η > 0 such that (εw(x0) + a(x0))e
w(x0) − ∫
R
Kp(x0, y)e
w(y)dy ≤ −η.
First, we have
lim inf
x→x0
∫
R
Kp(x, y)e
w(y)dy ≥
∫
R
lim inf
x→x0
Kp(x, y)e
w(y)dy =
∫
R
Kp(x0, y)e
w(y)dy
by Fatou’s Lemma, i.e.,
∫
R
Kp(x, y)e
w(y)dy is a lower semicontinuous function. Then for
any δ > 0, there exists σ1 > 0 such that
(45)
∫
R
Kp(x, y)e
w(y)dy ≥
∫
R
Kp(x0, y)e
w(y)dy − δ, ∀x ∈ Bσ1(x0).
Claim: lim inf
x→x0
w(x) = w(x0).
Proof of Claim: If lim inf
x→x0
w(x) > w(x0), then we can prove that w˜ is a subsolution by a
similar computation to Lemma 5.1, where
w˜(x) =
{
w(x) x 6= x0,
w(x) + δ x = x0,
with δ ∈ (0, lim inf
x→x0
w(x)−w(x0)) sufficiently small. Hence w˜ ∈ A. In particular, w˜(x0) ≤
w(x0), which is contradicts w˜(x0) = w(x0) + δ. Thus lim inf
x→x0
w(x) = w(x0).
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Note that lim sup
x→x±0
w(x) ≥ lim inf
x→x±0
w(x) ≥ lim inf
x→x0
w(x) = w(x0). Then there are two cases
we need consider.
Case 1: lim sup
x→x+0
w(x) = w(x0) or lim sup
x→x−0
w(x) = w(x0).
We will prove the case where lim sup
x→x−0
w(x) = w(x0). One can prove similarly when
lim sup
x→x+0
w(x) = w(x0). For any δ > 0, there exists σ2 > 0 such that |w(x)−w(x0)| ≤ δ for
any x ∈ (x0 − σ2, x0). Let 0 < σ0 < min{σ1, σ2} and δ ≤ η4 will be chosen later. Then for
any x ∈ (x0 − σ0, x0), we have
(εw(x) + a(x))ew(x) −
∫
R
Kp(x, y)e
w(y)dy
≤ (εw(x0) + a(x0))ew(x0) −
∫
R
Kp(x0, y)e
w(y)dy + δ
− (εw(x0) + a(x0))ew(x0) + (εw(x) + a(x))ew(x)
≤ −η + δ − (εw(x0) + a(x0))ew(x0) + (εw(x) + a(x))ew(x)
≤ −3η
4
+
(
(εw(x) + a(x))ew(x) − (εw(x0) + a(x0))ew(x0)
)
≤ −η
2
(46)
for σ0 small enough by the continuity of w and a. Consider w˜ = w+ ρ, where ρ(x) ≥ 0 is
smooth with suppρ ⊂ (x0 − σ0, x0). Denote ρ0 = sup ρ(x). Then we can prove that (˜w)
is a subsolution. In fact, if x /∈ (x0 − σ0, x0), then
(εw˜(x) + a(x))ew˜(x) −
∫
R
Kp(x, y)e
w˜(y)dy
= (εw(x) + a(x))ew(x) −
∫
R
Kp(x, y)e
w˜(y)dy
≤ (εw(x) + a(x))ew(x) −
∫
R
Kp(x, y)e
w(y)dy
≤ 0.
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If x ∈ (x0 − σ0, x0), then using (46), we have
(εw˜(x) + a(x))ew˜(x) −
∫
R
Kp(x, y)e
w˜(y)dy
≤ (εw˜(x) + a(x))ew˜(x) −
∫
R
Kp(x, y)e
w(y)dy
= (εw(x) + a(x))ew(x) −
∫
R
Kp(x, y)e
w(y)dy
+ (εw˜(x) + a(x))ew˜(x) − (εw(x) + a(x))ew(x)
≤ −η
2
+ (εw˜(x) + a(x))ew˜(x) − (εw(x) + a(x))ew(x)
≤ 0
for ρ0 small enough by the boundedness of w and a. Therefore, we obtain w˜ ∈ A, which
is contradicts w˜  w.
Case 2: lim sup
x→x±0
w(x) > w(x0).
There exist θ > 0, an increasing sequence {xn}∞n=1 with lim
n→∞
xn = x0, and a decreasing
sequence {yn}∞n=1 with lim
n→∞
yn = x0 such that w(xn) > w(x0) + θ and w(yn) > w(x0) + θ.
Moreover, for any fixed n ∈ N, there always exist neighbourhoods U(xn) and U(yn) such
that w(x) ≥ w(xn)− θ2 > w(x0)+ θ2 for any x ∈ U(xn) and w(x) ≥ w(yn)− θ2 > w(x0)+ θ2
for any x ∈ U(yn). Therefore, we can find a function χn satisfies:
(i). χn is continuous on R \ {xn, yn},
(ii).
χn(x)
{
= w(x) + δ, x ∈ (xn, yn),
≤ w(x), x /∈ (xn, yn),
where δ ∈ (0,max{ θ
2
, η
2
, 1}) will be chosen later.
Let wn(x) = max{w(x), χn(x)}. then wn is lower semicontinuous and wn(x0) = w(x0)+
δ > w(x0). For σ1 given in (45), there exists N ∈ N such that (xn, yn) ⊂ Bσ1(x0) for any
n ≥ N . That is to say, for any δ > 0, there exists N ∈ N such that (45) is still valid as
long as x ∈ (xn, yn) with n ≥ N .
If x ∈ {x : χn ≤ w(x)}, then wn(x) = w(x) and
(εwn(x) + a(x))e
wn(x) −
∫
R
Kp(x, y)e
wn(y)dy
= (εw(x) + a(x))ew(x) −
∫
R
Kp(x, y)e
wn(y)dy
≤ (εw(x) + a(x))ew(x) −
∫
R
Kp(x, y)e
w(y)dy
≤ 0.
(47)
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If x ∈ {x : χn > w(x)} = {x : w(x) < w(x0) + δ} ∩ (xn, yn) ⊂ (xn, yn), then wn(x) =
w(x0) + δ. Using (45), we have
(εwn(x) + a(x))e
wn(x) −
∫
R
Kp(x, y)e
wn(y)dy
≤ (εw(x0) + a(x0))ew(x0) −
∫
R
Kp(x, y)e
w(y)dy
+ (εwn(x) + a(x))e
wn(x) − (εw(x0) + a(x0))ew(x0)
≤ (εw(x0) + a(x0))ew(x0) −
∫
R
Kp(x0, y)e
w(y)dy + δ
+ (εwn(x) + a(x))e
wn(x) − (εw(x0) + a(x0))ew(x0)
≤ −η
2
+ (εwn(x) + a(x))e
wn(x) − (εw(x0) + a(x0))ew(x0)
≤ 0
(48)
for δ small and N large enough by the continuity of a. It follows from (47) and (48) that
wn is a subsolution when n is large enough. Hence wn ∈ A, which is contradicts wn  w.
Both Case 1 and Case 2 can not occur. Thus the proof is complete. 
Let A = {v ∈ LSC(R) : c
ε
− 1 ≤ v(x) ≤ c
ε
, v is a supersolution} and w(x) := inf
v∈A
v(x).
Then w ∈ A and
εw(x)−
∫
R
Kp(x, y)e
w(y)−w(x)dy + a(x) = 0.
One can prove it by almost the same argument as before. We only point out that we need
the assumption K : USC(R)→ USC(R) because we can’t use Fatou’s Lemma this time.
By Theorem 5.1, we obtain that the solution w(x) = (w)(x) is continuous.
5.2. Almost periodic coefficients. In this subsection, we always assume that
(K3)′ K(x, y) ≥ θ0 for |x− y| ≤ ∆, and K(x, y) ≤ k0 ∀(x, y) ∈ R2, and
(K7) ∃ ε0 > 0 and r(ε) s.t.
αp := sup
x∈R,ε∈[0,ε0]
∫
Bc
r(ε)
(x)
Kp(x, y)dy∫
R
Kp(x, y)dy
exp(
c− c
ε
) < 1
and εr(ε)→ 0 as ε→ 0+.
One can easily verify that (K7) holds if K is compact support. By compact support we
mean that:
(K7)′ ∃r0(> ∆0) s.t. K(x, y) = 0 if |x− y| ≥ r0. (This yields (K2).)
Under some assumptions (c.f. Theorem 5.4), we will prove that ω = ω when the media
is almost periodic, here almost periodic media means that:
(K8) For any sequence {xn} there exists a subsequence still denoted by xn s.t.
(49)
∫
Br0 (0)
∣∣Kp(x+ xn, x+ xn − s)−Kp(x+ xm, x+ xm − s)∣∣ds→ 0 as n,m→∞
uniformly w.r.t x ∈ R, and
(K9) a(x) = b(x) − f ′s(x, 0) is almost periodic, i.e., for any sequence xn, there exists a
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subsequence xnk such that a(·+ xnk) converges in C(R).
We need the following Harnack type inequality
Theorem 5.3. Assume that (K1), (K2) and (K6) hold, uε satisfies (42). For any x, y ∈ R
with |x−y| < r, there exist constants C0, C1 depending on r,K, p, and f ′s, but independent
of ε, x, and y such that
φε(y) ≥ C0CO(r(ε))1 (a(x) + εuε(x))φε(x),
where φε = eu
ε
.
Lemma 5.3. Assume that (K1), (K2) and (K6) hold (except that K is bounded), uε
satisfies (42). For any y ∈ R, 0 < δ ≤ ∆, there exists a constant C0 depending on K, p, δ
and f ′s, but independent of ε, y such that
φ(y) ≥ C0
∫
Bδ(y)
φ(s)ds.
Proof. See [16, Lemma 2.1]. 
Lemma 5.4. Assume that (K1), (K2) and (K6) hold (except that K is bounded), uε
satisfies (42). For any y ∈ R and r ≥ ∆, there exist d(≥ ∆
6
) depending on ∆ and C1 only
depending on K, p,∆ and f ′s, but independent of r ε, y such that∫
Br(y)
φ(s)ds ≥ C1
∫
Br+d(y)
φ(s)ds.
Proof. See [16, Lemma 2.5]. 
Proof of Theorem 5.3. First from (42), we have
(a(x) + εuε(x))φ(x) =
∫
R
Kp(x, y)φ(y)dy
=
∫
Br(ε)(x)
Kp(x, y)φ(y)dy +
∫
Bc
r(ε)
(x)
Kp(x, y)φ(y)dy
=
∫
Br(ε)(x)
Kp(x, y)φ(y)dy +
∫
Bc
r(ε)
(x)
Kp(x, y)φ(y)dy∫
R
Kp(x, y)φ(y)dy
∫
R
Kp(x, y)φ(y)dy
≤
∫
Br(ε)(x)
Kp(x, y)φ(y)dy + αp
∫
R
Kp(x, y)φ(y)dy
=
∫
Br(ε)(x)
Kp(x, y)φ(y)dy + αp(a(x) + εu
ε(x))φ(x).
Hence,
(50) (a(x) + εuε(x))φ(x) ≤
∫
Br(ε)(x)
Kp(x, y)φ(y)dy
1− αp ≤
k0
1− αp e
O(r(ε))
∫
Br(ε)(x)
φ(y)dy.
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On the other hand, using Lemmas 5.3 and 5.4, we have
φ(y) ≥ C0
∫
B∆(y)
φ(s)ds ≥ C0C1
∫
B∆+d(y)
φ(s)ds
≥ C0C21
∫
B∆+2d(y)
φ(s)ds ≥ C0CO(r(ε))1
∫
Br(ε)(x)
φ(s)ds.
Combining this with (50), we have
φ(y) ≥ (1− αp)C0
k0
(
C1
e
)O(r(ε))(a(x) + εuε(x))φ(x).

Remark 5.1. If K(6)′ holds, then the conclusion of Theorem 5.3 will be
φε(y) ≥ C(a(x) + εuε(x))φε(x),
where the constant C depends on r,K, p, and f ′s, but independent of ε, x, and y.
A useful corollary of Theorem 5.3 is that
Corollary 5.1. Under the assumptions of Theorem 5.3. We further assume that a(x) is
locally Lipschitz continuous. Then for any fixed x0 ∈ R, R > 0, we have lim sup
ε→0+
ε(uε(x0)−
uε(y˜)) ≤ 0 uniformly with respect to y˜ ∈ BR(0). In particular, lim
ε→0+
ε(uε(x0)− uε(y)) = 0
for any fixed x, y ∈ R.
Proof. Claim: For any fixed x ∈ R, lim inf
ε→0
ε ln(a(x) + εuε(x)) ≥ 0.
Proof of claim: There are two cases we need consider:
Case 1: (a(x)+εuε(x)) reaches its minimum at some point, say x0. Then (a(x)+εu
ε(x)) ≥
(a(x0) + εu
ε(x0)), hence
a(x0) + εu
ε(x0) =
∫
R
Kp(x0, y)e
uε(y)−uε(x0)dy
≥
∫
R
Kp(x0, y) exp(
a(y)− a(x0)
ε
)dy
≥
∫
Bε(x0)
Kp(x0, y) exp(
a(y)− a(x0)
y − x0
y − x0
ε
)dy
≥
∫
Bε(x0)
Kp(x0, y) exp(−L(x0) |y − x0|
ε
)dy
≥
∫
Bε(x0)
Kp(x0, y) exp(−L(x0))dy
≥ 2εθ0e−|p|εe−L(x0).
Hence, lim inf
ε→0
ε ln(a(x) + εuε(x)) ≥ lim inf
ε→0
ε ln 2εθ0e
−|p|εe−L(x0) = 0.
Case 2: The minimum can not be reached. Then there must be [xn, yn] ⊂ R with
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xn → −∞ and yn → +∞ such that either a(xn) + εuε(xn) = min
x∈[xn,yn]
a(x) + εuε(x) ∀n or
a(yn) + εu
ε(yn) = min
x∈[xn,yn]
a(x) + εuε(x) ∀n.
If a(xn) + εu
ε(xn) = min
x∈[xn,yn]
a(x) + εuε(x) ∀n, then
a(xn) + εu
ε(xn) =
∫
R
Kp(xn, y)e
uε(y)−uε(xn)dy
≥
∫ xn+ε
xn
Kp(xn, y) exp(
a(y)− a(xn)
ε
)dy
≥
∫ xn+ε
xn
Kp(xn, y) exp(−L(xn) |y − xn|
ε
)dy
≥ εθ0e−|p|εe−L(xn).
Note that x ∈ [xn, yn] for a sufficiently large n, hence lim inf
ε→0
ε ln(a(x) + εuε(x)) ≥
lim inf
ε→0
ε ln 2εθ0e
−|p|εe−L(xn) = 0.One can obtain a similar conclusion when a(yn)+εuε(yn) =
min
x∈[xn,yn]
a(x) + εuε(x) ∀n. Thus the claim is proved .
By Theorem 5.3,
(51) eu
ε(y˜)−uε(x0) ≥ C0CO(r(ε))1 (a(x0) + εuε(x0)) ∀x, y˜ ∈ BR(0).
Therefore
lim sup
ε→0+
ε(uε(x0)− uε(y˜)) ≤ lim sup
ε→0+
(− ε lnC0 − εO(r(ε)) lnC1 − ε ln(a(x0) + εuε(x0)))
≤ − lim inf
ε→0+
ε ln(a(x0) + εu
ε(x0)) ≤ 0
uniformly with respect to y˜ ∈ BR(0). 
For convenience, we set two situations:
(S1) : (K1), (K3)′, (K4), (K6), (K7)′, (K8), (K9) hold;
(S2) : (K1), (K3)′, (K4), (K7), (K9) hold.
Theorem 5.4. Assume that a(x) is locally Lipschitz continuous, uε ∈ C(R)∩L∞(R) be
the solution of (42). If we further assume one of the following conditions:
(i) Under situation (S1) and
(52) κ := inf
p
inf
x
∫
R
K(x, y)ep(y−x)dy − sup
x
a(x) + inf
x
a(x) > 0;
(ii) Under situation (S2) and K(x, y) = K(x− y).
Then εuε(x) converges to some constant as ε→ 0 uniformly with respect to x ∈ R.
Proof. Let uˆε(x) := uε(x)− uε(0). Then uˆε(x) satisfies
εuˆε(x)−
∫
R
Kp(x, y)e
uˆε(y)−uˆε(x)dy + a(x) + εuε(0) = 0
Claim: εuˆε(x)→ 0 as ε→ 0 uniformly with respect to x.
Proof of claim: Assume by contradiction that ∃ εn → 0, xn, θ > 0 such that |εnuˆεn(xn)| ≥
30 XING LIANG AND TAO ZHOU
2θ. We will prove the case where εnuˆ
εn(xn) ≥ 2θ, and one can prove the case where
εnuˆ
εn(xn) ≤ −2θ similarly. Without loss of generality, we may assume that a(x + xn)
converges uniformly as n → +∞ since a(x) is almost periodic and that (49) holds in
(S1).
Set uεn(x) := uˆ
ε(x+ xn). Then u
ε
n(x), u
ε
m(x) satisfy
(53) εuεn(x)−
∫
R
Kp(x+ xn, y + xn)e
uεn(y)−uεn(x)dy + a(x+ xn) + εuε(0) = 0, and
(54) εuεm(x)−
∫
R
Kp(x+ xm, y + xm)e
uεm(y)−uεm(x)dy + a(x+ xm) + εuε(0) = 0.
Set w(x) := uεn(x)− ηm,nε , where
ηm,n := ‖a(·+xn)−a(·+xm)‖∞+‖
∫
R
(
Kp(·+xn, y+xn)−Kp(·+xm, y+xm)
)
eu
ε
n(y)−uεn(x)dy‖∞.
Then w(x) satisfies
εw(x)−
∫
R
Kp(x+ xm, y + xm)e
w(y)−w(x)dy + a(x+ xm) + εuε(0) ≤ 0
since w(y) − w(x) = uεn(y) − uεn(x). Hence by Theorem 5.1, we have w(x) ≤ uεm(x) for
any x ∈ R, i.e.,
εuˆε(x+ xn) ≤ εuˆε(x+ xm) + ηm,n.
Setting ε = εn, x = 0, we have
(55) 2θ ≤ εnuˆεn(xn) ≤ εnuˆεn(xm) + ηm,n ≤ εn(uεn(xm)− uεn(0)) + ηm,n
for any n,m ∈ N. On the other hand, from Remark 5.1, we have
eu˜(y)−u˜(x) ≤ 1
C(a(y) + εuε(y))
≤ 1
C(inf
x
a(x) + inf
x
{∫
R
K(x, y)ep(y−x)dy − a(x)})
≤ 1
C(inf
x
∫
R
K(x, y)ep(y−x)dy − sup
x
a(x) + inf
x
a(x))
≤ 1
κC
in (S1). Hence ηm,n ≤ ‖a(· + xn) − a(· + xm)‖∞ + 1κC sup
x∈R
∫
Br0(x)
|(Kp(x + xn, y + xn) −
Kp(x+ xm, y + xm)
)|dy in (S1) and ηm,n ≤ ‖a(·+ xn)− a(·+ xm)‖∞ in (S2). Therefore
ηm,n → 0 as m,n→∞ uniformly with respect to ε by the choice of xn. One can find n0
such that ηm,n < θ ∀m,n ≥ n0. In particular, ηn0,n < θ ∀n ≥ n0. Hence from (55), we
have
2θ ≤ εn(uεn(xn0)− uεn(0)) + ηn0,n ≤ εn(uεn(xn0)− uεn(0)) + θ → θ
as n → ∞ by Corollary 5.1, which is a contradiction! Thus we complete the proof of
claim.
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The claim means that for any sequence {εn} there exists a subsequence still denoted
by {εn} such that εnuεn ⇒ lim
n→+∞
εnu
εn(0). Then we still need to show that for any
sequence εn trending to 0, εnu
εn converges to the same constant as n → +∞. If not,
then exist {εn} and {ε′n} such that εnuεn ⇒ a, and ε′nuε′n ⇒ b as n → +∞. Without
loss of generality, we may assume a > b. Then we choose ε ∈ {εn}, ε′ ∈ {ε′n} such that
‖εuε − a‖∞ < a−b4 , ‖ε′uε
′ − b‖∞ < a−b4 . Hence εuε(x)− ε′uε
′
(y) > a−b
2
∀ x, y ∈ R. Let
Φ(x, y) = uε(x)− uε′(y)− α|x− y| − µ(|x|+ |y|).
Then by the same argument as Theorem 5.1, Φ reaches its maximum at some point, say
(ξ, η), over R2. (ξ, η) depends on α and µ, and |ξ − η| → 0 as α → +∞ uniformly with
respect to µ. One can finally find that
0 <
a− b
2
≤
∫
R
Kp(ξ, y)e
uε(y)−uε(ξ)dy − a(ξ)−
∫
R
Kp(η, y)e
uε
′
(y)−uε′ (η)dy + a(η)→ 0
as µ→ 0 and α→ +∞ (after passing a subsequence), which is a contradiction! Thus the
proof is complete. 
Denote λ0 := lim
ε→0
εuε, now we can prove our main result of this section.
Theorem 5.5. Under the assumptions in Theorem 5.4 (except that a is locally Lipschitz
continuous). If Kϕ is uniformly continuous for any ϕ ∈ L∞(R) ∩ C(R), then we have
ω = ω.
Proof. Step 1: We prove the theorem when a is locally Lipschitz continuous. Let φ(x) =
eu
ε(x), where uε is a solution of (42). Obviously, φ ∈ A, and (Lpφ)(x) = εuε(x)φ(x).
Moreover, for any κ > 0 small, there exists ε0 such that ‖εuε − λ0‖∞ ≤ κ ∀ε ≤ ε0. Then
from the definition and the monotonicity of λ1, λ1, one can take φ as a test function to
obtain
λ0 − κ ≤ λ1(p,−∞) ≤ λ1(p, R) ≤ λ1(p, R) ≤ λ1(p,−∞) ≤ λ0 + κ
for κ > 0, R ∈ R, p ∈ R. Setting κ→ 0, we have
λ0 = λ1(p,−∞) = λ1(p, n) = λ1(p, n) = λ1(p,−∞).
Step 2: Now consider general a(x). Let the standard mollifier
ρ(x) =


C exp(
1
|x|2 − 1), |x| < 1,
0, |x| ≥ 1,
for some constant C such that
∫
R
ρ(y)dy = 1. Denote ρn(·) = nρ(n·). Then one can
easily check that an(x) :=
∫
R
ρn(x − y)a(y) is Lipschitz continuous for any n ∈ N since
sup
x∈R
|a′n(x)| <∞ and there exists a subsequence still denoted by n such that an(·)→ a(·)
in C(R) since a is almost priodic. Then, by Step 1, λ1(p,−∞, an) = λ1(p,−∞, an).
Combining this with Propsition 2.2, one can find that:
λ1(p,−∞, an)− ‖an − a‖∞ ≤ λ1(p,−∞, a) ≤ λ1(p,−∞, a) ≤ λ1(p,−∞, an) + ‖an − a‖∞
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for any n ∈ N. Hence
lim
n→∞
λ1(p,−∞, an) = λ1(p,−∞, a) = λ1(p,−∞, a) = lim
n→∞
λ1(p,−∞, an).

If, furthermore, K(x, y) = K(y, x), then we can prove that the speed in the positive
direction equals to the speed in the negative direction, i.e., ω− = ω− = ω = ω, where
ω−, ω− were given in Remark 2.1. In fact, we have the following theorem:
Theorem 5.6. Under the assumptions in Theorem 5.4. If K(x, y) = K(y, x), then
λ1(p,−∞) = λ1(p,−∞) = λ−1 (p,−∞) = λ−1 (p,−∞).
Proof. First by Theorem 5.5, there exist uε, vε ∈ C(R) ∩ L∞(R) such that


∫
R
K(x, y)ep(y−x)φ(y)dy − a(x)φ(x) = εuε(x)φ(x), x ∈ R,
∫
R
K−(x, y)ep(y−x)ψ(y)dy − a−(x)ψ(x) = εuε(x)ψ(x), x ∈ R,
where φ = eu
ε
, ψ = ev
ε ∈ A and a−(x) = a(−x). Moreover,
λ1(p,−∞) = λ1(p,−∞) = lim
ε→0
εuε
λ−1 (p,−∞) = λ−1 (p,−∞) = lim
ε→0
εvε.
We denote λ0 := lim
ε→0
εuε and λ−0 := lim
ε→0
εvε. Now it is sufficient to show λ0 = λ
−
0 . If
not, we may, without loss of generality, assume by contradiction that λ0 < λ
−
0 , then there
exists ε0 such that ε0u
ε0 < λ0 +
λ−0 −λ0
4
and ε0v
ε0 > λ−0 − λ
−
0 −λ0
4
. Denote d0 :=
λ−0 −λ0
4
.
Hence

∫
R
K(x, y)ep(y−x)φ(y)dy − a(x)φ(x) = ε0uε0(x)φ(x) ≤ (λ0 + d0)φ(x), x ∈ R,∫
R
K−(x, y)ep(y−x)ψ(y)dy − a−(x)ψ(x) = ε0uε0(x)ψ(x) ≥ (λ−0 − d0)ψ(x), x ∈ R.
Therefore,
(56)∫ r
−r
ψ(−x)
∫
R
K(x, y)ep(y−x)φ(y)dydx−
∫ r
−r
a(x)φ(x)ψ(−x)dx ≤ (λ0+d0)
∫ r
−r
φ(x)ψ(−x)dx,
(57)∫ r
−r
φ(x)
∫
R
K(x, y)e−p(y−x)ψ(−y)dydx−
∫ r
−r
a(x)φ(x)ψ(−x)dx ≥ (λ−0 −d0)
∫ r
−r
φ(x)ψ(−x)dx
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for any r ∈ R. (57) follows from K(x, y) = K(y, x). By (57)-(56), we have
2d0
∫ r
−r
φ(x)ψ(−x)dx ≤
∫ r
−r
φ(x)
∫
R
K(x, y)e−p(y−x)ψ(−y)dydx
−
∫ r
−r
ψ(−x)
∫
R
K(x, y)ep(y−x)φ(y)dydx
=
∫ r
−r
φ(y)
∫
R
Kp(x, y)ψ(−x)dxdy
−
∫ r
−r
ψ(−x)
∫
R
Kp(x, y)φ(y)dydx
≤
∫ r
−r
φ(y)
∫
BCr (0)
Kp(x, y)ψ(−x)dxdy
=
∫ r
−r
φ(y)
∫ +∞
r
Kp(x, y)ψ(−x)dxdy
+
∫ r
−r
φ(y)
∫ −r
−∞
Kp(x, y)ψ(−x)dxdy.
(58)
Denote the first term of the right hand side of (58) by A1 and the second term by A2.
Now there exists r0 so that
∫
Bcr0
(x)
K(x, y)ep(y−x)dy ≤ d0
inf
x∈R
ψ(x)
2 sup
x∈R
ψ(x)
. Then
A1 =
∫ r
−r
φ(y)
∫ r+r0
r
Kp(x, y)ψ(−x)dxdy +
∫ r
−r
φ(y)
∫ +∞
r+r0
Kp(x, y)ψ(−x)dxdy
≤ r0 sup
x∈R
ψ(x) sup
x∈R
φ(x)
∫ r
−r
Kp(x, y)dy +
d0
2
inf
x∈R
ψ(x)
∫ r
−r
φ(y)dy.
Similarly, A2 ≤ r0 sup
x∈R
ψ(x) sup
x∈R
φ(x)
∫ r
−rKp(x, y)dy +
d0
2
inf
x∈R
ψ(x)
∫ r
−r φ(y)dy. Combining
this with (58), we have
2d0 inf
x∈R
ψ(x)
∫ r
−r
φ(y)dy ≤ 2d0
∫ r
−r
φ(x)ψ(−x)dx ≤ A1 + A2
≤ 2r0 sup
x∈R
ψ(x) sup
x∈R
φ(x)
∫ r
−r
Kp(x, y)dy + d0 inf
x∈R
ψ(x)
∫ r
−r
φ(y)dy.
Hence
(59) d0 inf
x∈R
ψ(x)
∫ r
−r
φ(y)dy ≤ 2r0 sup
x∈R
ψ(x) sup
x∈R
φ(x)
∫ r
−r
Kp(x, y)dy,
which is a contradiction since the right hand side of (59) → +∞ as r → +∞ while the
left hand side of (59) is bounded! 
5.3. Periodic coefficients. In this subsection, we always assume that a(·) ∈ C(R)
is periodic function with period L. We consider a special class of kernel K(x, y) =
N∑
n=1
anδqn(x − y), where N ∈ N ∪ {+∞}, an is a positive sequence, qn ∈ R and δ is the
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Dirac’s delta function on R. Assume that K satisfies the following hypotheses:
(H1)
N∑
n=1
ane
−pqn < +∞ ∀p ∈ R.
(H2) infp∈R
N∑
n=1
ane
−pqn −
N∑
n=1
an + lim
R→+∞
inf
x∈IR
f ′s(x, 0) > 0.
(H3) The assumptions of Example eg4.2 hold.
(H4) Either (1) ∃qn3 such that qn3L /∈ Q(i = 1, 2) or
(2) ∃(a, b) such that (a, b) ⊂ {qn}n.
The condition (H1) and (H2) are corresponding to (K1) and (K4) respectively.
Theorem 5.7. Under the above assumptions. We have
ω = ω.
Proof. The proof was divided into three steps:
Step 1: The Perron’s method gives us a unique periodic solution uε ∈ C(R) of
(
εuε(x) + a(x)
)
φ(x) =
∫
R
Kp(x, y)φ(y)dy =
N∑
n=1
ane
−pqnφ(x− qn),
where φ(x) = eu
ε(x). Moreover, the period of uε is L. It is sufficient to show that εuε(x)
converges to some constant as ε→ 0 uniformly with respect to x ∈ R.
Step 2: For any qk ∈ {qn}, m ∈ Z, we have
(60)
(
εuε(mqk) + a(mqk)
)
φ(mqk) =
N∑
n=1
ane
−pqnφ(mqk − qn).
Hence, from (60), we have(
εuε(mqk) + a(mqk)
)
φ(mqk) ≥ ake−pqkφ((m− 1)qk),
which yields
eu
ε(mqk)−uε((m−1)qk) ≥ ake
−pqk
εuε(mqk) + a(mqk)
≥ ake
−pqk
c+ a(mqk)
,
the latter inequality following from (44). Therefore,
lim inf
ε→0+
ε(uε(mqk)− uε((m− 1)qk)) ≥ lim inf
ε→0+
{ε ln(ake−pqk)− ε ln(c+ a(mqk))} = 0.
Now it is easy to find that
lim inf
ε→0+
ε(uε(mqk)− uε(0)) ≥ 0, ∀m = 1, 2, · · · ,
and
lim inf
ε→0+
ε(uε(0)− uε(mqk)) ≥ 0, ∀m = −1,−2, · · · ,
i.e.,
(61) lim sup
ε→0+
ε(uε(−mqk)− uε(0)) ≤ 0, ∀m = 1, 2, · · · .
Form the assumption (H3), we have [0, L] ⊂ A±, where A± :=
∞⋃
m=1
±m{qn}( mod L).
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Step 3: First, we show that ε(uε(x) − uε(0)) → 0 as ε → 0 uniformly with respect to
x. Denote εuˆε(x) := ε(uε(x)− uε(0)). If not, there exist εn → 0, xn ∈ [0, L], θ > 0 such
that |εnuˆεn(xn)| ≥ 2θ. We will prove the case where εnuˆεn(xn) > 2θ, and one can prove
the case where εnuˆ
εn(xn) < −2θ similarly. Since uε(x) ∈ C(R) and [0, L] ⊂ A±, one can
choose xn ∈ A−. As we did in the proof of Theorem 5.4, we have
2θ ≤ εnuˆεn(xn) ≤ εnuˆεn(xm) + ηm,n ≤ εn(uεn(xm)− uεn(0)) + ηm,n,
where ηm,n = ‖a(· + xn)− a(· + xm)‖∞ with ηm,n → 0 as m,n → ∞. Hence there exists
n0 such that
2θ ≤ εn(uεn(xn0)− uεn(0)) + ηn0,n ≤ εn(uεn(xn0)− uεn(0)) + θ, ∀n ≥ n0.
Then lim sup
ε→0+
ε(uε(xn0)− uε(0)) ≥ θ, which contradicts (61)!
Finally, by a similar argument to Theorem 5.4, one can prove that εuε(x) converges to
some constant as ε→ 0 uniformly with respect to x ∈ R. 
Theorem 5.8. Under the assumptions in Theorem 5.7. If K(x, y) = K(y, x), then
λ1(p,−∞) = λ1(p,−∞) = λ−1 (p,−∞) = λ−1 (p,−∞).
Proof. The proof is similar to Theorem 5.6. 
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